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pi i' It is shown that all vacuum solutions of Einstein field equation with a positive 

■^ ■ cosmological constant are the solutions of a model of dS gauge theory of gravity. 

OO ' Therefore, the model is expected to pass the observational tests on the scale of 

solar system and explain the indirect evidence of gravitational wave from the binary 
"■ pulsars PSR1913+16. 
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The astronomical observations show that our universe is probably an asymptotically de 
^ \ Sitter (dS) one [l|, l2]- It arises the interests on dS gauge theories of gravity. There is a model 

of the dS gauge theory of gravity, which was first proposed in the 1970's |3|, |j]. The model 
^ I can be stimulated from dS invariant special relativity p, ly, |7| and the principle of localization 

• ■ [Sj, just like that the Poincare gauge theory of gravity may be stimulated from the Einstein 

Q ' special relativity and the localization of Poincare symmetry J9| . The principle of localization 

is that the full symmetry of the special relativity as well as the laws of dynamics are both 
localized. The gravitational action of the model takes the Yang-Mills form of |3|, \% |8l] 
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>< ■ SoYM = A / rf'^eTrds(^M-^''"), (1) 

^ , ^9 Jm 

where e = det(e") is the determinant of the tetrad e" g is a, dimensionless coupling constant 

introduced as usual in the gauge theory to describe the self-interaction of the gauge field, 
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is the curvature of dS connection^ 
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^ The same dS-connection with different dynamics has also been explored in Rcf. [lO|. 



and Trds is the trace for the so(l, 4) indices A, B. In Eq.([2]), F"-'^^^ and T°^^ are the curvature 
and torsion tensors of the Lorentz connection B\^ G so(l, 3), respectively, R is the dS radius, 
and e^^ = e^e^ — ej^e^. In terms of F""^ and T" , the gravitational action can be rewritten 



as 



5'gym = - / d'^xe 

'M 



^^K^Par - xiF - 2A) - I 



(4) 



where F = \F°''^ e^^,^^ the scalar curvature, the same as the action in the Einstein-Cartan 
theory, x = l/(167rG*) is a dimensional coupling constant, A = ?>/ F? = 3x9^ is the cosmo- 
logical constant. 

The gravitational field equations, obtained by the variation of the total action 

'S't = •S'gym + Sm (5) 

with respect to e"^, -B°*^, are 

T^iiu - K + l^e^a - ^e^a = S^rGlT^r + ^Ga"), (6) 

F^riw = R-'i^^^GS^a^ + Scan- (7) 

Here, Su is the action of the matter source with minimum coupling, 1 1 represents the covari- 
ant derivative using both Christoffel symbol {(^^} and connection B\^, F^^ = —F^^^'^^e^, 

16Sm /„x 

Tua - --J^ (8) 

Tea' ■■= g-%a' + 2xT^a' (9) 

are the tetrad form of the stress-energy tensor for matter and gravity, respectively, where 

= <TV(F''^F,a) - ie;TV(f ^'Fi,) (10) 

is the tetrad form of the stress-energy tensor for curvature and 

rp IJ, ___ / rl'^rrpT^ rp UK , rp flU 

= <T/V,, - le;^T/-T\^ (11) 

the tetrad form of the stress-energy tensor for torsion, and 

and 5'q^^^ are spin currents for matter and gravity, respectively. Especially, the spin current 
for gravity can be divided into two parts. 
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S^a,' ■■= 77^=77;^ d'xV^gF = -ej\, = Y^^e^^ + >^^e,r (14) 



2y/^SB° 



M 



1 6 1 



STat ■■= ^;/T=gJ^l I d'xV^gTl.T^^' = T^:\, (15) 



are the spin current for curvature F .^'^ and torsion T^'^'^, respectively, 



In Ref. 12| , it is shown that all vacuum solutions of Einstein field equation without cosmo- 
logical constant are the solutions of Eq. (I6l) and Eq. (JTj) for the case of sourceless, torsion- free, 
and vanishing cosmological constant. However, a positive cosmological constant is vitally 
important for the dS gauge theories of gravity. Without a positive cosmological constant, 
the gravity should be a Poincare or AdS one. Therefore, in order to see whether the model 
of dS gauge theory of gravity can pass the observational tests on the scale of solar system, 
it should be important to explore if the vacuum solutions of Einstein field equation with a 
positive cosmological constant do satisfy the equations of the model. 

The purpose of the present Note is to show that it is just the case. Namely, all vacuum 
solutions of Einstein field equation with a positive cosmological constant are the solutions 
of the torsion-free vacuum equations of the model of dS gauge theory of gravity. 

For the sourceless case, the torsion-free gravitational field equations of the model reduce 
to 

^"a - ^^< + ^e^a = -87rG(r^,^ + T^J-), (16) 

T^ar,u = 0, (17) 

where T^f' = e'^T^^ the tetrad form of the stress-energy tensor of Riemann curvature 'R-^b^'^, 
and a semicolon ; is the covariant derivative using both the Christoffel and Ricci rotation 
coefficients. Eq. (IT6l) is the Einstein-like equation, while Eq. (ll7l) is the Yang equation 



It can be shown 121 that 
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2C,;^7^^ + -(7^;:--7^5;:), (is) 



where TZnaiiX is the Riemann curvature tensor, T^^o-^a = Y^^arp^^'^^x is the right dual of the 
Riemann curvature tensor, Cx^ku is the Weyl tensor. In the last step in ( fTSll . the Geheniau- 
Debever decomposition for the Riemann curvature. 



is used [13|, where 

E^ukx = -^{gnKSux + QuxSpiK — QiixSuK — QukS^x)-, (20) 

TZ 

Gixvkx = -r^{giJ.Kgvx — QpixgvK), (21) 

On the other hand, the vacuum Einstein field equation with a (positive) cosniological 
constant reads 

T^'u - \^^'. + ^K = 0. (23) 

It results in 

7^ = 4A, W^ = A6^, (24) 

and thus 

S^u = 0. (25) 

Since the Weyl tensor is totally traceless, the stress-energy tenor for Riemann curvature 
vanishes, i.e., 

V = 0- (26) 

Therefore, all vacuum solutions of Einstein field equation with a cosmological constant are 
solutions of Eq. flTB]l . In addition, the Bianchi identity 

T^'\.;. + T^'\X;. + ^";.;A = (27) 

leads to 

= n''\^.^^ - n\, + n^, = n^r-,.- (28) 

Namely, Yang equation (TT7|) is also satisfied. (The last step of Eq.f l28|) is valid because of 

Therefore, we come to the conclusion that all vacuum solutions of the Einstein field 
equation with a positive cosmological constant are the torsion-free vacuum solutions of the 
model of dS gauge theory of gravity. In particular, the dS, Schwarzschild-dS, and Kerr- 
de Sitter metrics satisfy the Eqs.Q and (jTj). Note that the Birkhoff theorem has been 



proved for the gravitational theory (j4]) without a cosmological constant [IJ]. So, the model 
is expected to pass the observational tests on the scale of solar system. In addition, the 
model has the same metric waves as general relativity and thus is expected to explain the 
indirect evidence of the existence of gravitational wave from the observation data on the 
binary pulsar PSR1913-I-16. 



One might think that the above results are trivial because the Yang equation does not 
appear at all if the torsion-free condition is assumed in the action, in which case the tetrad 
and connection are not independent. However, the torsion-free manifold is just the specific 
situation of the the model. There is no reason to set the torsion to be zero before the 
variation. 

In fact, it can be shown that all solutions of vacuum Einstein field equation with a positive 
cosmological constant are also the vacuum, torsion-free solutions of the field equations when 
the terms 

P ^pa a 6p /^p I' pab cd rp fJ.u rp Act ph c jp tJ. r^ vcr X arpa rpbfj. pfrjirjia rpbX 

^a ^ /i' '^u'^fi-'^a ^h ' ^ \a^ fiv^ ab ^ cd ' '^a^^i''^ ab u^ ac ' ^a^b''^ ^A"* cr' ^a^b-'' ^^ cr 

are added in the gravitational Lagrangian. Obviously, the last two terms have no con- 
tribution to the vacuum, torsion-free field equations, while the middle two terms con- 
tribute the same as the term F^^^^^ F"-^ does thus only alter the unimportant coefficients. 
The first two terms add the term (-R^e^Ajy in Yang equation and the stress-energy tensor 
R^xR^^ — ^S^RfjxR^^ in Einstein equation. Both of them vanish for the solutions of the 
vacuum Einstein equation with a positive cosmological constant. 

Obviously, the conclusion is still valid if the integral of the second Chern form of the dS 
connection over the manifold is added in the action. Finally, the similar discussions can be 
applied to the AdS case as well. 
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